Chapter 34

Energy integrals of equations of motion

Summary

This chapter discusses generalized potential energy and its use in various enerqy integrals of the
equations of motion, e.g., the new generalized dissipative energy integral, generalized energy in-
tegral, and generalized Hamiltonian. Energy integrals have several purposes, including,

e An energy integral can serve as a check on the numerical accuracy of dynamic simulations.

e An energy integral can be used to moderate numerical integration to ensure global numerical inte-
gration accuracy of the energy integral to within a user-specified tolerance.

34.1 Various energy integrals of the equations of motion

When the configuration and motion of a system S in a Newtonian frame
N is described by n generalized coordinates q; ... q, and n general- fq gn, w1, t) = C| (1)
ized speeds uq...u,, then an energy integral of the equations of where C is a constant with
motion is an equation of the form shown in eqn (1). units of energy and ¢ is time.

This section discusses the generalized dissipative energy integral and its special cases.
Energy integral Equation Constant when:

Generalized dissipative energy integral &£, (:) Ko+U+ 7 always
2

Generalized energy integral & 5 K, +U P rronconservative = 0, 0 =0

Generalized Hamiltonian H 5 Ko =Ko +U Ponconservative =0, 0 =0

Hamiltonian H 5 Ko =Ko+ U P,oconservative =0, 0 =0, U=U

Conservation kinetic + generalized potential C 5 K+ U P ronconservative = 0, 0 =0, Ky =K; =0
Conservation of mechanical energy C K+ U P ronconservative =0, 0 =0, Ky =K; =0, U=U

(1:0)

34.1.1 The generalized dissipative energy integral (Mitiguy)

The generalized dissipative energy integral states that for any system —
S of v particles Q1 ... @, possessing p independent generalized speeds u; ... u, Ez =Ko+ &2+ Z| (2)
in a Newtonian reference frame N, one can define a constant €. £z has units of energy.

A system is said to have p-degrees of freedom if its motion can be described by p independent variables.

The generalized dissipative energy integral is Mitiguy’s improvement of an integral developed by Kane and Levinson [46, 47].
e Ko is the kinetic energy of S in NV of degree 2 in w; ... u, (see Section 34.4)

e [ is the portion of the system that has a generalized potential energy (see Sections 34.6 and 34.7).

e 7 is the energy-quantity defined by the differential equation that 4z ,
relates Z to op [see eqn (D] and P cornniine (see Section 34.6), by At = 0r — Pronconservative (3)
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The quantity o in eqn(3) is defined in terms of m; (the mass of particle op = Zml v . dt (4)
Q:) and quantities relating to @ (Q:’s velocity in N), as i=1
og for a rigid body is in eqn (29).
i is the portion of ¥?’ that contains the independent generalized speeds UL ... Up; i’ftQi is the
<Qi

portion of v v@ that does not contain uj .. . Up; and d‘t/t is the time-derivative in NV of v,**

where vR

34.1.2 The generalized energy integral
When o, =0 and P, conservative = 0, Z = 0 satisfies eqn (3), so eqn (2) simplifies

. pr— 5
to eqn (5) An example of conservation of this generalized energy integral is in Section 34.2. E=Ky +U (5)

34.1.3 The Hamiltonian integrals

For a system S having p independent generalized speeds u ... u;, in a New-
tonian frame N, the generalized Hamiltonian H defined in eqn (6) is H =Ky — Ko +U| (6)
conserved (constant) if both P (see Section 34.6) and the quan-

nonconservative v Nd —ﬂQ
tity o (defined right) are zero. ~Q; Vv,
y (defined right) o 2 Zmi VQ dtt (7)

Ko and U have the same meaning as in Section 34.1.1 and Ky is the kinetic energy of
S in N of degree 0 in ui...up (see Section 34.4). Note: The quantity o defined in

terms of v is slightly different than or which is defined in terms of Vgi o for a rigid body is in eqn (30).

When S also possesses a potential energy U, (i.e., the generalized potential energy

U of Section 34.6 is equal to the potential energy U of Section 34.7), a conserved H 2 Ko — Ko+ U (8)
quantity called the Hamiltonian is defined as shown in eqn (8).

34.1.4 Conservation of kinetic and generalized potential energy

A system S is said to conserve kinetic and generalized potential energy when,
in addition to satisfying the conditions in eqn (6), K, = K; = 0 (or equivalently,

K = K,). Under these conditions, the sum of kinetic energy and generalized C=K+ul (9

potential energy of S in NN is equal to a constant C, as shown in eqn (9).

34.1.5 Conservation of mechanical energy

A system S is said to conserve mechanical energy when, in addition to sat-
isfying the conditions in equation (9), S possesses a potential energy U, (i.e., the

generalized potential energy U of Section 34.6 is equal to the potential energy U of Sec- C =K+ U| (10)

tion 34.7). Under these conditions the sum of kinetic energy and potential energy
of S'in N is equal to a constant C, as shown in eqn (10).

34.2 Example: Conservation of generalized energy

The figure to the right shows a rigid body B attached by a revolute 44
joint to a hoist @ which slides on a horizontal track that is fixed 7 x——»4 %_ o
in a Newtonian reference frame N. The distance of Q from a point 7° a ’
N, fixed in N is controlled by a translational motor so that x is a
specified (i.e., prescribed or known) function of time. The rotational 1

motion of B about ny is the system’s one-degree of freedom. by | L

»

Right-handed orthogonal unit vectors ny, ny, n, are fixed in N
with ny horlzontally-mght and n ny vertically-upward. Right-handed

%
le
|

orthogonal unit vectors bx, by, b are fixed in B. Initially, b =1n; g
(i=xy,2 and then B is subjected to a right-hand rotation about "
b, =n, by an amount 4.
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Quantity Symbol Type Value

Mass of Q m¥ Constant 1.0 kg
Mass of B m?” Constant 2.0 kg
Distance from revolute joint to B, (B’s mass center) L Constant 0.5 m
B’s moment of inertia about B.,, for BX 1 Constant | 0.0416 kg*m?
Earth’s gravitational constant g Constant 9.8 m/s?

=
~

Distance between @ and N, (a point fixed in N)

(t) Specified 3% cos(t)
Angle from n, to by, with +n, sense o(

) Variable 30° (initial)

~+

The equation governing B’s rotational motion in N is!

B
0 + m Sln(@) =0
This system’s generalized potential energy is B’s gravitational potential energy?
U = -mPgLcos(h)

The system’s kinetic energy and kinetic energies of degree 0 and 2 are

1 1 . 1 1 .
K= 5 Bim@)i? + 5(I+mBL2)92 Ko = 5 B4 m@) 42 Ky = 5(H]mBL?)e2
Expressions for C (the sum of K and ), the generalized
energy &, and the generalized Hamiltonian H , are® 10 S
E =—
C — K _|_ Z/{ 5 !f :!, ,"" '5"‘ l‘l U
©) ol d N SN
E = Ky + U B ; ; !
(5) 3 50 E Yo ;
H = Ky — Ko + U 3 " . e
(6) E -10 [
w
By simulating the motion of the system for 10 seconds '15
and plotting C, &, and 'H, one sees that £ is constant -20
whereas C and H are not constant. .
0 2 4 6 8 10

“This system does not possess a potential energy. Hence, it cannot Time (seconds)

conserve mechanical energy or Hamiltonian.

The point of this simple example is to demonstrate that for this system, generalized energy & is
an integral of the equations of motion whereas the generalized Hamiltonian H and the sum K 4+ U are
not. The reason that the generalized energy is constant follows directly from the fact that both o, and
P ronconservative € zero, hence equation (2) simplifies to equation (5). The reason that the generalized
Hamiltonian H varies follows directly from the fact that (see Section 34.1.3)

o = (WP +m9ii

which means that H is not constant unless & = 0.

If it were the case that & = 0 (& = constant), H, £, and C would only differ by a constant because with & constant, Ko
is also constant. In addition, with & = 0, the force that causes Q to translate, [equal to (m%?+m?®) ], would be zero so that
potential energy would exist and be equal to generalized potential energy, i.e., U = U . In light of Sections 34.1.3 and 25.2,
this would also mean that the Hamiltonian and mechanical energy would be constant.

!One advantage of forming equations of motion with “system methods” (e.g., Lagrange & Kane) as opposed to free-body
methods is that system methods can eliminate from its equations the force that causes @ to translate with a specified z(t).
2This system does not have a potential energy because the force that causes Q to translate is time-dependent.
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34.3 Example: Energy integrals of equations of motion

The robotic positioning device to the right consists of three rigid bodies A, B, and C'. Body C' is a uniform
solid sphere that rolls on a flat Earth-fixed horizontal plane N.

Body B is relatively light and consists of two rigidly con-
nected parts: a hemispherical housing that connects it
to C'; and a long extensionally-flexible tube that allows
translation (but not rotation) of B relative to A. Body A
is made to rotate by a motor at a specified rate about an
Earth-fixed vertical shaft. Right-handed orthogonal unit
vectors ay, ay, a, are fixed in A with ay parallel to the
tube and ay vertically-upward.

Quantity Symbol Type Values(s)
Mass of C m Constant 1kg
Radius of C' r Constant 0.1m
Distance from vertical axis to distal end of A L Constant 1m
Linear spring constant modeling flexibility in tube k Constant 200 & or oo
Linear viscous damping constant for fluid between B and C b Constant 0 or 2 ===
Known rate of rotation of A in N about vertical axis Q(t) Specified | 4 24 or 0.5x¢ =4
Stretch of spring that models flexibility in tube s(t) Variable 0 = (initial)
a, measure of C’s angular velocity in N w, (t) Variable | varies (constrained)
a, measure of C’s angular velocity in N wy () Variable 0 24 (initial)
a, measure of C’s angular velocity in N w.(t) Variable | varies (constrained)
Equations of motion for this rolling system are?
Wy = -% Q Rolling constraint equation
w, = -% S Rolling constraint equation
0.4m7r? djy + bwy = b} Kane’s equation for generalized speed wy

1l4mr?s + bs + (k — 1.4m(22) r?s = 1.4mr? LO? Kane’s equation for generalized speed $

This system’s generalized potential energy is the spring’s potential energy®

1
_ 2
“Even with no damping (b = 0), this system does not have a potential energy because U= 5 ks
the torque that causes A to rotate is time-dependent.

The system’s kinetic energy and kinetic energies of degree 0 and 2 are

K = 02m[3.5(L+s)*Q* + 355 + 1’ w)] Ko = 0.7m (L+5)? Q2 Ky = 02m(3.55 + rw;)

By simulating this system’s motion for 4 seconds for various values of €2, k, and b and plotting energy
quantities as shown in Figure 34.1, one can make the following observations:

e The generalized dissipative energy integral £, =K, +U + Z is constant for all simulations.

e The generalized energy integral & = K, + U is constant when there is no damping and $ = 0 (the tube
is rigid). Section 34.1.1 describes the conditions in which £ is constant.
Since 0p =-14mO* (L +s)$, and P is zero when b = 0, £ is constant when § =0 and b = 0.

nonconservative

e The generalized Hamiltonian H = K, — Ky + U is constant when there is no damping and €2 is constant.
Section 34.1.3 describes the conditions in which H is constant.

Since 0 =1.4mQQ (L + )%, and P is zero when b = 0, H is constant when © = 0 and b = 0.

nonconservative

e The sum of kinetic and generalized potential energy C = K+ U is not constant for any of the simulations.

3It is advantageous to form equations of motion with Kane’s method because Kane’s method eliminates from its equation
the torque that causes A to rotate at the specified rate Q(t) and the forces (or Lagrange multipliers) that cause C' to roll.
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Checking numerical integration accuracy 025
) - : -
E, with error tolerances lO_2 —_—
E; with error tolerances 107«
An energy integral can check the numerical accuracy of 02 A
dynamic simulations. To demonstrate this, two simulations ois A
were run for 30 sec. Both simulations used Q = 0.5 ¢ 24 8~ i
. . . o ~
k = 200 %, b =2 %, and a numerical integration step < o1 el
. . . j=2l -
of 0.1 sec. The numerical integration error tolerances on g s
. . - w ~
the first simulation were 1.0 x 107 whereas the second used 005 -
1.0x1072. Since &, is constant for any system governed 0 _—
by F = ma, one can see that the simulation results for the

second simulation were less accurate than the first. =55 5 10 15 20 5 »
Time (seconds)
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34.4 Kinetic energy terms

The kinetic energy K of a system S possessing p independent generalized
speeds uq...u, in a reference frame N can be expressed in terms of IK = Ko + K; + K2| (11)
portions of K that are of degree 0, 1, 2 in uy... u, as shown right.

To precisely define Ky, K1, Ks, consider a particle Q); moving in frame N

with a velocity ¥97. As shown in eqn (28.10), 9 can always be written _0,; o v P
N{;Pi . vV o= Za—ur + th (12)
in terms of Tu (the w, partial velocity of @; in N) and v;** (the portion p—q YUr
T —_———
of ¥9 that does not contain u;...u,) as shown in eqn(12), where V' is va{i

defined as the portion of v@ that contains uj ... Up.

When a system S consists of v particles Q; (i = 1...r) of mass m;, Ko, K1, Ko are defined below.*
For a rigid body B, more useful expressions for Kg, K, Ky are also provided.

A1 v Qi , 9Qi 1 BB, B 1 =B/By
Kozi'zlmivtz-vtl Ko = sm?v"- V(" + sw -1 - W
1=
B/B
v = P
K, £ Zmith-vg K| = vatp-va-i— w, - I - Wy (13)
i=1
B/B
v = P
A1 -Q; -Q; 1 B =B B 1 - i
KQ:E,Zlmng-vg K2:§m VRp'va +§wR-I * wp
1=
=B/Bp
e m” is the mass of B and I is B’s inertia dyadic about B,.
e 3, is either the mass center of B or a point fixed in both B and N. vPr s B)’s velocity in N.

LB,y . . - . B, . . .
e V" is the portion of ¥P» that contains u1 ... up whereas v, " is the portion without uy...u,.
e Wy is the portion of @ (B’s angular velocity in N) that contains u ... up.

e w, is the portion of W without u; ... u,.

34.5 Generalized power and generalized work

The generalized power of the resultant of all forces FQ on a point ) in PR A& ﬁ‘Q .99 (14)
a reference frame N is denoted P? and is defined in terms of \712 as R
The generalized power of a set S of forces FQI... FQV that act on points

Q1...Qy, respectively, is denoted P and is defined as®

(15)

AV
>
\'M
RV,
O

P
?An alternate expression is P = Y Fxu, where F (r=uy,...,upy) are Kane'’s gener-
r=1

alized forces [36, p. 99]. This derivation is found in equation (22).

The generalized work of a set S of forces in reference frame N is denoted W w £ J Pt
and is defined by an integral (or differential equation) that relates it to P as AV s p

34.6 Generalized potential energy

In certain situations, the integral in equation (16) results in an expression that is a function of only
configuration (position and orientation), i.e., it is not a function of motion or an explicit function of time.
When this occurs, the negative of the integral is called a generalized potential energy of S in N, i.e.,

U = -W ifand only if W is solely a function of configuration (17)

4These definitions are equivalent, but computationally more efficient, to those found in (36, pg. 151].
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As mentioned in Section 34.5, S is a set of forces and P is calculated with a sum. It is helpful to split P
into two terms called the “conservative generalized power” and the “nonconservative generalized power”
so that generalized work can be written as shown in equation (18).

P = Pconservative + Pconservative
(1:6) /Pconservative *dt + /Pnonconservative * di (18)
By definition, P, servative 1S the sum of terms in P whose time-integral results in an expression that is

a function of only configuration, and P, ,conservative 15 the remaining terms in P . When P, ccrvative 15
non-zero, the portion of the system that has a generalized potential energy is denoted U and is defined as

Uu = _f Pconservative*dt (19)

In view of equations (18) and (19), the generalized work of S in N can be expressed

W = - Z/{ + / Pnonconservative * dt (20)
(18,19)

34.7 Classical vs. generalized power, work, and potential energy

The following table compares the classical definitions of power, work, and potential energy to their gen-
eralized counterparts. The small differences in these definitions are important in forming integrals of the
equation of motion.

Quantity Classical definition Generalized definition
A T = A T -
Power P =F-v P =F-vp
A A
Work W 2 [P adt W 2 [P adt
. A A
Potential energy U =-W u =-w
(if and only if W is solely a function of configuration) (if and only if W is solely a function of configuration)

As is apparent, the classical definition of power uses Vv whereas the definition of generalized power uses
Vi In view of equation (12), the difference between these two definitions is F - ¥, where ¥, is the portion
of v that does not contain u...u,. As a result, the differences between the classical and generalized
definitions of power, work, and potential energy are associated with actuators or motors that move parts
of a system at a specified (i.e, prescribed or known) rate. Consequently, there are situations where U exists
but U does not (see Section 34.2).

When Vv, does not contribute to the power of gravitation, electrostatics, or elastic forces, the generalized
potential ¢ and potential energy U are identical.

34.8 Generalized forces and potential energy

Consider a system S having n generalized coordinates ¢ ... ¢, n generalized speeds uy ... u;,, and m motion
constraints so there are p £ n—m independent generalized speeds u; ... up in a Newtonian reference frame.
When a generalized potential energy U exists, the generalized forces . are related to U by

& oU 9 B If m =0 (no constraints) U B
Fr = Sglaz*m (r=wu1,...,up) and uréqr, then: Fr = % (r=1,..,n) (21)
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If a potential energy U exists, equation (21) can be modified by replacing U with U. Equation (21) can
be used to calculate the unconstrained (holonomic) generalized forces by considering ¢s as a function of
U1 ... Uy, instead of ug... u,

Optional: Proof of generalized forces from potential energy
To establish the validity of equation (21), start by noting that the generalized power P of a set S of forces

]__f‘Q1 f‘QU that act on points Q1 ... Q,, respectively, is equal to

Qi o, 2@ v (@ OV
73(14:15)21? vg (172 Z (Z ur*ur> B Z(ZF ¥ )*ur Z}"*ur 22)

1=1 i=1 r=1 M=1 r=1

where F,. are Kane’s generalized forces [36, p. 99]. In view of equations (16) and (17), P and U are
related, and with equation (22), the generalized potential energy and generalized forces are related by

u1
dau
- = - = - . : 2
dt  (1617) & (22) [}—1 };’] ’ (23)
Up

By definition, U is solely a function of configuration, so U = U(q1,qo,-..,qn) and

w oo o) | o)
an

Since the generalized speeds are always defined as linear combinations of time-derivatives of generalized
coordinates, ¢i ... ¢, can always by related to u;...u, as

g1 wir .. wip | | W x
- SR o+ (25)

In Wp1 .- Wpp Up L,

where w;; and z; (i=1 ...n, j=1 ...p) are functions of ¢... g, and time. Substituting equation (25) into
equation (24) and subsequently using equation (23) produces

au  reu our ([0 Y N B
wnl . wnp up xn up
w1 .. wlp_
Since uj ... u, are independent: [2—2{1 gTu} (2:6) -lA . 7‘};] (27)
Wnp1 - ’U)np_
T ]
ou ou
S .. A = 2
[36]1 aQn] (26) 0 (28)
Ty |

Since equation (25) shows w;; = g%, equation (27) leads directly to equation (21). When a potential
J
energy U exists, equation (21) can be modified by replacing & with U. The proof of this is nearly identical,

except that one uses the fact that power P and potential energy U are related by %5 dU -P.
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34.9 Expressions for o, and o for a rigid body

5 awbr = Ne =
op = mPavpte —t 4+ @RI —L + @ (@ xI-@ (29)
dt dt
N,_,B N,
dv? = d@
B — B —‘Bp. t a’) ‘I‘ t 30
o m” x Vv p” + 7 (30)

=
e m” is the mass of B and I is B’s inertia dyadic about B,,.

e 3, is either the mass center of B or a point fixed in both B and N. vPr s B)’s velocity in N.
° \753’ is the portion of ¥P» that contains U1 ... up whereas \_'/tB " is the portion without u;...u,.

e Wy is the portion of @ (B’s angular velocity in N) that contains u ... up.
e w, is the portion of W without wu; ... u,.

Optional: Proof of o, and o for a rigid body
To establish the validity of equation (29), start by noting that O'g of a set of 3 particles By ... Bg of a rigid
body B possessing p independent generalized speeds u; ... u, in a reference frame N is defined as

B 5 NioBi
B A B; =2B; t
op = m” vy’ (31)
(4) z:zl dt
e mPBi is the mass of B;
o Vgi is the portion of ¥ (the velocity of B; in N) that contains uj ... u,
° \"/tBi is the portion of P that does not contain u; ... Up
o dtt is the time-derivative in N of v;*
P —
It has been shown [36, p. 45] that B’s angular velocity in N o = Z ow wur + @, (32)
- T
can always be written in terms of B’s partial angular velocity in - Ouy ’
N for w, and @, (the portion of @ that does not contain u,...u,), P 5
as shown in equation (32). By defining @y as the portion of Op 2 Z w ., Uy (33)
w that contains u;...u,, i.e., as shown in equation (33), B’s =1 duy
angular velocity in N can be written as given in equation (34). @ = @y + @ (34)

The next step in the proof is to introduce a point B, that is fixed on B and is either the mass center of B
or a point fixed in N. Since ¥ (the velocity of B; in N) and ¥7* (the velocity of B, in N) are related
by @ and ¥; (B;’s position from B,), as

vB o= ¥ L @ X T (35)
(10.3)
it can be shown that
vpt = VvV + Wwp XT 36
R (5135 'R R X T (36)
*tBi = \7tB + W, X T (37)
(34 35)

Time-differentiation of equation (37) in reference frame N gives

N, B, N,_.B B, .
dv; " dv,” dw, - o
dtt & dtt + — EX¥ o+ @ x (@ xT) (38)
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Substituting equations (36) and (38) into equation (31) gives

v e
Zm (VRP + “’RX“) ' [ dt d‘:t
i=1 (36)

X
=
+
€l

X (@, XT;) (39)

(38)

Distributing the dot-product and making use of the fact that since B, is either the mass center of B or a
point fixed in N,

ZmBi =0 or \_'/gp =0 (40)
i=1

-

8 = -
and using the fact that m” £ Y m® and that for any vectors &, b and &, axb-¢ = a-b x ¢, leads to
i=1

ﬁBp B, - B
B B 2Bp . “dv ~ B; 2 dw, ~ B; 2 - - o
= m°V wp* m~¢ r; X X T wp m>’ T X WX (W xXTF)| (41
OR (39.40) R dt + wg Zzzl i % ( dt i)+ Wy Zzzl i % (@ x ;)] (41)
Focusing attention on the summation in the second term on the right-hand side of equation (41) and
making use of the vector identity @ x (b x €) = (a-&)b + &(a-b) and then the definition® of the inertia
dyadic of B about B,,, one finds

B,
) dwt . ) du)t oL dw
Zzlm I'Z dt XI'Z‘) = Zzlm [I‘Z 1)7 — ri(ri'w)]
B

B _,

= d Z dw
= T) x1 — FisTFp-——L = T.—- 42
{Zm [ * r*r]} ; o (42)

1=1

Focusing attention on the summation in the third term on the right-hand side of equation (41) and again
making use of the vector identity a x (b x¢) = (a-¢)b + &(a-b) and then a relationship” between the
summation y ;" m® ¥; « ¥; and the inertia dyadic of B about By, one finds

> wPiEx (@ x (@ xF)] = > mPE X [@ o (@F) - Fix (@@
i=1 i=1
B
= w - <ZmBl Fz*f‘z> ><(Dt
i=1
. 1 = = = .
= w - [—trace(l)*l - I] X W
(16.15) 2
1 = . . L 3 .
= itrace(l)*wxwt - w-Ixw
! rco(T) n G x By - & -Txd i
= — trace *WpXw — w-1lxw
o gtece(D) Grx : (13)
Pre-dot multiplication of equation (43) with wy gives
B = =
- B - . . N o . N N N N
wR-Zmlrix[wx(wtxri)]——wR-<w-I><wt> = wR-<wt><I-w> (44)
i=1 (43)

Substitution of equation (42) into the second term on the right-hand side of equation (41) and substitution
of equation (44) for the third term on the right-hand side of equation (41) produces equation (29).

The first relationship in equation (40) is the definition of the center of mass of B.
=
®The definition of the inertia dyadic of B about B, is T2 Z m? {(FZ ‘F)x 1l — Tix ﬁ]

=1
n = = =
"The relationship between the summation and the inertia dyadic used here is 3 m% #; «#; = Ltrace(I)+ 1 — I.

i—1
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34.10 Optional: Proof of the generalized energy integral

To establish the validity of equation (2), start by noting that the law of motion relates FQi (the resultant
of all forces on a particle @Q;) with mi (the mass of Q;) and 3% (the acceleration of @; in a Newtonian reference
frame N), by

ﬁ‘Qi — m@ x 3@ (45)

Dot-multiplication of both sides of equation (45) with Vgi gives

PO . 5@ Qi y 3@ . 39
P = m% % g% . 46
VR (15) m=xat s Vi (46)

The definitions of P (the generalized power of Q; in N) and &% (the acceleration of Q; in N) are

P & FYL g% s0 2 49 (47)
v = RV ast =
() i dt
Hence, equation (46) can be re-expressed as
N :
dv9 o
PRI — Qi MRS 48
(46 47) T (48)

Equation (12) showed ¥%i can be expressed as v% = \7% + \_’/,f“?i so equation (48) can be rearranged to

N, 2Q; N, 2Q;
dv ) d v,*" )
fPQZ — Qi R . =Q; Qi t . =Qi 49
(51 met % 7 Vi o+ m¥ix p” VR (49)

To show that the first term on the right-hand side of equation (49) is the time-derivative of K (the
kinetic energy of Q; in N of degree 2 in w; ... u,), note that the definition of KQQZ is

. 1 . .

K¢ & - m@ix 9. g9 50
2 (13) 9 R R ( )

Time-differentiation of both sides of equation (50) leads to

Qi N, 2Qi

at o) dt R

(51)

Since the first term on the right-hand side of equation (49) is identical to the right-hand side of equation (51)
and since the second term on the right-hand side of equation (49) is by definition [see equation (4)] U%,
equation (49) can be re-expressed as

PRI — .+ O—gi (52)

When a system S consists of v particles Q... Q,, equation (52) can be applied to each particle and the
resulting set of equations can be summed, yielding

14

YL dKY .
Qi — 2 i
P 5 =+ > of (53)

i=1 =1 i=1

Interchanging the derivative and summation on the right-hand side of equation (53) produces

n . d n ' v '
S e a(g KQ> by o8 (54)

i=1 =1 =1
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Since P (the generalized power of S in V), Ky (the kinetic energy of S in N), and o are defined as

P £ Y K £ K9 op = o (55)
(15) ; (13) ; (4) Z:z:l f
equation (54) may be rewritten as

dKs

(i55) dt t o (56)

Time-integration of equation (56) and subsequent rearrangement gives

where £, is an arbitrary constant of integration having units of energy. Combining the information in
equation (16) and equation (20), leads to

gZ (5:7) K2 + /UR*dt + U - /Pnonconservative*dt (58)

Defining Z as was done in equation (3) leads directly to equation (2).
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